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Abstract. The purpose of this paper is to prove a gluing theorem for a given special 
Lagrangian submanifold of a Calabi-Yau 3-fold. The proof will be an adaption of the 
gluing techniques in J-holomorphic curve theory, [7], [10], [12], [15]. It is a well known 
procedure in geometric analysis to construct new solutions to a given nonlinear partial 
differential equation by gluing known solutions [14]. First an approximate solution is 
constructed and then using analytic methods it is perturbed to a real solution. In this 
paper the gluing theorem will be used for smoothing a singularity of a special Lagrangian 
submanifold. In particular, we will show that given a special Lagrangian submanifold L 
of a Calabi-Yau manifold X with a particular codimension-two self intersection K it can 
be approximated by a sequence of smooth special Lagrangian submanifolds and therefore 
L is a limit point in the moduli space. 

1. Introduction 

Special Lagrangian submanifolds has become an important subject 
of study [1], [3], [4], [5], [11] due to recent developments in Mirror Sym- 
metry. In 1996, Strominger, Yau and Zaslow [18] proposed a geometric 
construction of the mirror manifold via special Lagrangian tori fibra- 
tion. They claimed that the mirror of a Calabi-Yau can be obtained by 
some suitable compactification of the dual of this fibration. Therefore 
to find a compactification and understand the close relations with the 
mirror symmetry one first should understand the singularities of the 
moduli space of special Lagrangian submanifolds and how to charac- 
terize them. 

Another motivation to study this moduli space is the hope to obtain 
new invariants for symplectic manifolds. In [13], McLean showed that 
the moduli space of all infinitesimal deformations of a smooth, compact, 
orientable special Lagrangian submanifold L in a Calabi-Yau manifold 
X within the class of special Lagrangian submanifolds is a smooth 
manifold of dimension equal to bi(L), the first Betti number of L. So 
if we can obtain some compactification of this moduli space then we 
will be able to count rational homology special Lagrangian spheres 
(hoping that there are finitely many of them) in a Calabi-Yau manifold 
[8]. McLean's result has been extended to symplectic manifolds by the 
author [16] and with a suitable compactification we can also obtain 
invariants for symplectic manifolds. Unfortunately, this program is far 



2 



SEMA SALUR 



from complete and so far we don't know much about the global picture. 
With this work we hope to give some idea about possible singularities 
that can occur in this moduli space. 

In this paper we will consider a 3-dimensional compact special La- 
grangian submanifold L in a Calabi-Yau manifold X 6 and we will as- 
sume that L has a codimension two irreducible self-intersection K. The 
local model for this intersection will be explained in detail in section 
2. For simplicity we will work in an open ball V around K and call 
the two parts of L which come together and intersect along K, as 
L\ and L 2 . We will also assume that L\ and L 2 intersect perpendic- 
ularly along K and the normal bundles have opposite Euler classes: 
e(N Ll K) + e(N L2 K) = 0. Also note that by McLean's result [13] the 
corresponding linearized operators D Ll and D L , 2 are surjective and this 
means that the corresponding moduli spaces of infinitesimal deforma- 
tions of Li and L 2 are smooth manifolds near L 1 and L 2 , respectively. 
Under the given assumptions our goal will be then to show that L is a 
limit point in the moduli space of special Lagrangian submanifolds. 

More precisely for a given singular special Lagrangian submanifold L, 
we will first construct an approximate special Lagrangian submanifold 
in an open ball V around the singular set K and use the Implicit 
Function Theorem to prove that there exists a true special Lagrangian 
submanifold nearby. Inside V the smoothing of the singularity can be 
represented as Li#L 2 . In order to prove the existence of a true special 
Lagrangian we need to get a uniform estimate for the right inverse for 
the linearized operator Dl 1 #l 2 - 

In this paper we will prove the following theorem for the simplest 
type of singularity of the form Z1.Z2 — 0. 

Theorem 1.1. : Given a connected immersed special Lagrangian sub- 
manifold L 3 of a Calabi- Yau manifold X 6 with a particular irreducible 
self intersection K of codimension-two (singularity of type Z\.Z2 = 0) 
it can be approximated by a sequence of smooth special Lagrangian sub- 
manifolds and therefore L is a limit point in the moduli space. 

Remark 1.1. : We need the irreducibility condition only in proving 
the eigenvalue estimate in section 4. Other parts of the proof do not 
require this condition. We hope to extend our result to the reducible 
case later. Also our gluing construction can be generalized to higher 
dimensional special Lagrangians L n , (n > 3) by taking K to be of 
dimension n — 2 but since there are some regularity problems to be 
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resolved in higher dimensions [9], in this paper we did our construction 
only for Calabi-Yau 3-folds. 

First we recall some basic definitions: 

Definition 1.1. : A Calabi-Yau manifold X n is a Kahler manifold 
of complex dimension n with a covariant constant holomorphic n-form. 
(equivalently it is a Riemannian manifold with holonomy contained in 
SU(n)). 

One other equivalent definition for Calabi-Yau manifolds is that they 
are Kahler manifolds with first Chern class c± — 0. 

Calabi-Yau manifolds are equipped with a Kahler 2-form uj, an al- 
most complex structure J which is tamed by uj, the compatible Rie- 
mannian metric g and a non- vanishing holomorphic (n, 0)-form £. 

Definition 1.2. : An n-dimensional submanifold L C X is special 
Lagrangian if L is Lagrangian (i.e. uj\l = 0) and im(£) restricts to 
zero on L. Equivalently, Re{£) restricts to be the volume form on L 
with respect to the induced metric.[6] 

2. Connected Sums of Special Lagrangian Submanifolds 

In this section, we will first define the local model for the singular- 
ity and for a given gluing parameter S, we will define a gluing map, 
smooth the singularity, and construct a smooth approximate special 
Lagrangian submanifold H$ = Li#sL 2 nearby. Recall that inside an 
open ball V around K, the two parts of L which come together and 
intersect along K can be studied as a pair of special Lagrangian sub- 
manifolds L\ and L 2 with opposite Euler classes. Here our goal is to 
construct a one-parameter family of approximate special Lagrangian 
which agrees with L\ and L 2 outside a tubular neighbourhood of their 
intersection K. Our model locally consists of two special Lagrangian 
immersions l\ and l 2 , 

k : L = S 1 x S 1 x K -> Li C X i = 1, 2 

intersecting orthogonally along K. The local geometry of K will be 
explained in detail later. The connected sum Lxj^&Li is obtained by 
removing the tubular neighbourhoods of K in L\ and L2, and joining 
the boundaries of these cylinders. It is clear that for Li#$L 2 to have 
an orientation compatible with the given orientations of L\ and L 2 , 
the boundaries of the tubular neighbourhoods must be joined by an 
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orientation reversing map. The condition that the special Lagrangian 
submanifolds have opposite Euler classes and their intersection K is 
codimension-2 guarantees the existence of an orientation-reversing dif- 
feomorphism. 

2.1. PreGluing. We are given a pair of three dimensional special La- 
grangian submanifolds L\ = Tf x K and L 2 = T 2 x K which are 
intersecting along K. This intersection can be smoothed at one of its 
points y = (k, 0, 0), k e K as in the figure (1). Here T\ = l^S 1 x S l ) 
and T 2 = l^S 1 x S l ) both represent two dimensional torus. 



The construction of the approximate special Lagrangian submanifold 
is as follows: 

Let T>i C T\ and T> 2 C T 2 be two disks around y. Then a small 
neighbourhood around y will be (K x T>\ x {0}) U (K x {0} x D 2 ), 
where the singularity has the form K x {0} x {0}. We can identify the 
small disks T>\ and V 2 with the complex plane C. 

Let z\ = (x, y) and z 2 = (u, v) be the complex valued coordinates on 
Ti and T 2 , respectively. Then Ti A T 2 is given by identifying ^ = in 
T-y with ^ 2 = in T 2 . We then cut off \z\\ < | and \z 2 \ < f from 7\ and 
T 2 , respectively and glue the remaining parts along | < |zi| < \f5 and 

I < |z 2 | < \f5 by the formula Zy.z^ = Here the norms come from 
the induced metrics and to do gluing, we will assume that the induced 
metrics on L\ and L 2 are compatible in the intervals \zi\ < VS and 
\z 2 1 < \^6. The approximate special Lagrangian submanifold will be 




FIGURE 1 . Smoothing of Ti A T 2 at one point 
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locally a product manifold H s = T s x K where T s is the smoothing of 
Ti A T 2 with respect to the gluing parameter 5. 

More precisely, we can think of K as a curve in C 3 with tangent T. 
{% being the value at point b.) Let Mb be the complex two dimensional 
subspace of C 3 orthogonal to % and J.%. Then starting with some 
complex basis Vi 6 , V 2bQ for one of the vector spaces Mb (say Mb ), use 
orthogonal projection to define nearby complex bases V± b , V 2b for Mb- 
Then one gets a real five dimensional manifold locally the image of 

RxCxC^C 3 

by 

(t, z 1 ,z 2 )^ c(t) + Zl V lc(t) + z 2 V 2c(t) 

where c(t) G C 3 is the image point on the curve K under the parame- 
terization c : R — > K C C 3 . Within this real 5 dimensional manifold 
one has a real 3 dimensional manifold Hs where z{z^ = for some 
cutoff function f3. 

When we do the smoothing for 7\ A T 2 the new surface can be 
written as a graph over T\ and similarly over T 2 . Therefore, locally, 
one can write the approximate special Lagrangian submanifold H$ = 
Li#sL 2 (k, zi, z 2 ) for k e K and z\ e X>i, z 2 e X>2 : 



if 1 > 

if |2;i | < | and |^ 2 | < 

if i<N<^>A<N< 5 
if -^<|^|<5,f <|z 2 |<^ 

if <5 < |^i | and |^ 2 | < | 
if < |^i | 

where is a smooth cut-off function supported in [-J=, \/#] with 

being equal to when \zi\ > \/5, and (3{zj) being equal to 1 when 
\zi\ < -j=. Moreover we will assume that (3(zi) is radially symmetric 

with respect to Zj. This means that (3 satisfies x dl3 ^ = y 9l3 l Zl ^ where 



(«,0,Z2), 



Li# s L 2 (k, z±, z 2 ) 



(k, zi, J=), 



(k,2i,0), 
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the complex coordinate Z\ is represented by (x, y) for x, y G R and 
similarly = for ^ 2 = (u,v), u,v G R. Note that the 

function /?(^) = ^j^p satisfies the necessary properties and after 
smoothing we can use this as the cutoff function. 

Note that this construction is symmetric around \z±\ = -j=, \z 2 \ = 
and therefore it will be sufficient to investigate the other properties on 
one side. 

This construction also shows that if we take L\ as the graph of a 
function / and L 2 as the graph of another function g then L\j^^L 2 
can be viewed as the graph of (3${z 2 )f + (3${zi)g which depends on the 
choice of the gluing parameter 5. 

The map H$ is not special Lagrangian however we will see that the 
error term converges to zero as 5 — ■> and our goal is to construct a true 
special Lagrangian sub manifold near H$. While the special Lagrangian 
equations are non-linear, it will be enough to find a solution of the 
corresponding linearized equation with estimates on the solutions which 
are independent of 5. Here 5 is the parameter defining the conformal 
structure of the connected sum and we will assume that it is small in 
our constructions. 

2.2. Lagrangian Property. After constructing the approximate spe- 
cial Lagrangian submanifold the next step is to show that H$ = Li^^L 2 
is Lagrangian. In other words the symplectic 2-form u on the ambient 
Calabi-Yau manifold X 2n restricts to zero on Li#$L 2 . Therefore we 
need to introduce the symplectic structure in a small neighbourhood 
of the singular set. 

Let x\ = x,x 2 = y,x$ = k,X4 = (,x$ = u,Xq = v be the local 
coordinates in an open ball U around b G L C X 6 . Also let xi,x 2 ,xs 
be the local coordinates for L\ and X4,x$,xq be the local coordinates 
for L 2 . The basis ei,...,e 6 will generate the the tangent space, T b X. 
Then we can take the dual basis oui, ...Uq for the basis e±, e§ of %X & 
and without loss of generality we can assume that the restriction of 
ei,e 2 ,e 3 will be the basis for %,L\ and similarly e 4 ,e 5 ,e 6 will be the 
basis for %L 2 . Then we can find the dual basis ui,u 2 , cj 3 for T^L\ and 
U4,u^,ujq for T b *L 2 with respect to the induced metric. 

Recall that we have the local model: 

Li = K x S 1 x S 1 K x Ti 
L 2 = K x S 1 x S 1 = K x T 2 . 
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Therefore, without loss of generality we can assume that 001,002 G 
T*(Ti), oo§,ujq G T*(T 2 ) and ^3,^4 G T*K. Then in local coordinates, 
the symplectic structure in a small neighbourhood of the singularity is 
given as follows: 

00 = 00 1 A oo 5 + oo 2 A cj 6 + ou 3 A cj 4 

Lemma 2.1. : T/ie connected sum L^sL 2 is a Lagrangian submani- 
fold of X with respect to the symplectic structure defined as above. 

Proof: We will show that the symplectic two form 00 restricts to 
zero on Li#sL 2 for any 5 (i.e oo\l 1 # s l 2 — 0). 

Recall that this construction is symmetric around \zi\ = \z 2 \ = 
^ and therefore it will be sufficient to prove the lemma for only one 
side. So here we will work with the interval < \z\\. 

Suppose L =graph / = {x + if(x) : x G V C R n } C R n 0iR n is 
the graph of a smooth function / : V — > R n , for some open set V in 
R n . Let t^- be the standard basis for R n . Then the tangent space of 
L at any point is generated by the following vectors: 

ei + i J£, e n + i-§L, where e, = £-. 

Similarly the tangent space of the approximate special Lagrangian 
Hs is generated by 3 vectors. 

Ei = e 1 + i(£ x (^)e 5 + %(^e e )) 

^ = e 2 + ^(0^f)e 5 + |(^e 6 )) 
E 3 = e 3 . 
Then 

uj\ Hs = (001 A u 5 + oj 2 A oo 6 + uj 3 A oo 4 )\h s 
oo(Ei,Ej) = for all i,j > 1,2 

oo{E u E 2 ) = - (^(x,y)) 55 gL B y = °- 

where we used the property of the cutoff function = This 
calculation shows that the restriction of 00 onto the tangent space of 
Hs is zero for any 5. This implies that Hs is Lagrangian independent 
of 5. 

Recall that Li#sL 2 can be viewed as the graph of Ps(z 2 )f + Ps( z i)9 
where Li is the graph of a function / and L 2 is the graph of another 



8 



SEMA SALUR 



function g. Also we know that a Lagrangian sub manifold of the cotan- 
gent bundle T*W of a manifold W, is locally defined as the image of a 
section d<& : W — > T*W for some function $ : W — > R. Since L\ and 
L2 are both Lagrangian there are functions F, G such that / = VF 
and 5 = VG. Using the given cutoff function (3(z.j) and showing that 
(3 = V$ for some function $, one can easily see that Li#sL 2 is the 
graph of (3s(z 2 )f + Ps(zi)g — for some function ^ which implies 
that Li^sL 2 is also Lagrangian. 



2.3. Induced Metric and The Error Term. For a positive integer 
k and a number 1 < p < 00 we can define the L p k ^-norm of a smooth 
function F : Q — > R by 

||F|U =(/ E I^Fl^^o^) 1 ^ 
M Ail»l<fc 

where z> = (i>i, z> n ) is a multi-index and \u\ — V\ + ... + i>„. 

Lemma 2.1 says that the approximate special Lagrangian Li^sL 2 
is Lagrangian and the error term for being a special Lagrangian will 
be Ifn(C,)\L 1 # s L 2 - hi this section we will show that ||error term|| L 2^ 
approaches to zero as the gluing parameter 5^0. In our estimates we 
will always use C to denote a uniform constant independent of the glu- 
ing parameter 5 but its actual value may vary in different places. Also 
note that since there is symmetry in our construction, it is sufficient 
to show this for only the interval \zi\ > where the tangent space is 
generated by the vectors Ei,E 2 , E 3 as in Lemma 2.1. 

Since (— l) n(n ~ 1 )/ 2 (i/2) n £ A £ = uj n /n\ for any n, we can write the 
complex 3- form £ in local coordinates as follows: 

£ = (uji + iuj 5 ) A (oo 2 + iuj 6 ) A (u 3 + 

Again as in Lemma 2.1, we will use the vectors Ei, E 2) E 3 which span 
the tangent space of the approximate special Lagrangian. Then we get 

Im(tm,E 2 ,E 3 ) = U 5 ^) + UW^) 

_ 8/3 8 2 y , n d ( & 2 y \ d/3 5 2 x , a d ( 5 2 x \ 
~ dy 2(x 2 +y 2 ) ~T y dy\2(x 2 +y 2 )J ^ dx 2(x 2 +y 2 ) ^ > J dx \ 2(x 2 +y 2 ) > 

_ d/3 8 2 y , dp 8 2 x 
dy 2{x 2 +y 2 ) ^ dx 2{x 2 +y 2 ) 

Note that P&sfgfa) + PUt^) = 
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Therefore the error term is given as ff 2 (SZ&) + If 2{Sl y 2 ) - This 
implies that for the intervals where /3 — or /3 — 1, the error term will 
be zero. In other words, the approximate special Lagrangian will be a 
true special Lagrangian for these intervals. 

Next we will show that the value of the L\ s norm of the error term 
approaches to zero as 5 — > 0. Note that since the volume form depends 
on the metric the L\ s norm also depends on the induced metric. 

Recall that at y the singularity is smoothed by the formula z^Jz^— 4^ 
where z\ = (x, y) and z 2 = (u, v) are the complex valued coordinates 
on Ti and T 2 , respectively and K is the codimension two singularity. 
Since we work with Lagrangian submanifolds here we will switch back 
to real coordinates x,y and u,v. 

z 1 .z 2 ~ = y implies that u = 2 (S+ y 2 ) and v = 2{x 2 + y 2 ) ■ 

We will find the induced metric g$ on H$ = T$ x K where T§ is the 
smoothing of Ti A T 2 with gluing parameter 8. 

gs = (dxdx + dydy + dudu + dvdv + dndn + d(d() \t s xk- 

For the intervals where the cutoff function /3 — 1 we have 

_ 5 2 {-x 2 W) f j T _ S 2 2xy i , , _ S 2 (x 2 -y 2 ) , _ S 2 2xy , 

— 2(a; 2 + J / 2 ) 2 UX 2(n 2 +!/ 2 ) 2 ^' _ 2(x 2 +y 2 ) 2 ^ 2(x 2 +y 2 ) 2 

The induced metric for /3 = 1 will be of the form 

9s\h s = (1 + ^Jly^ dxdx + (1 + A{ Jl yl y )dydy + Ai/cd/c 

where ^4 is some small but not necessarily a constant function. If 
A — 1 this implies that our model is a geometric product. Recall that 
the dvols is given by ^detgs,ijdx 1 ...dx n and we can easily calculate this 
term since we now know the induced metric and how it depends on 5. 

v/^~ = (-4(1 + 35?w)(l + mJw?^ 1 ' 2 = ^ + 

The next step is to find the volume form in general so that we can 
show that L\ 5 norm of the error term goes to as the gluing parameter 
goes to 0. For the other intervals we cannot ignore the cutoff function, 
in fact the interval < (3 < 1 is the region where the error term is 
nonzero. 

z 1 .z 2 -=^- implies that u = 2 ^^ and v = 2{ f,+ y i y 
As we did before, we can find du and dv terms: 



10 SEMA SALUR 

& U = [ 2{x 2 +y 2 ) 2 P( X i y) + 2(S+y 2 ) ?te\dx+[ 2 ( x i + ^ 2 (3(x, + 2(J?+y2) % 1^ 

and 

, r <5 2 Qc 2 -y 2 ) q/ x ga y flfli , , r -S 2 2xy g, x , J^fu 

~~ h(:r 2 +j/ 2 ) 2 ^ X ' y^2(a; 2 +j / 2 ) dy^^ \-2(x 2 +y 2 ) 2 ^ ' y>^2(x 2 +y 2 ) dx\ UX 

For simplicity, we will write = Arfa; + and dv = Cdx + Drfy. 
Then as before the induced metric will be of the form 

9s\t s xk = (1 + A 2 + C 2 )dxdx + (1 + i? 2 + D 2 )dydy + Adn.dK 

and 

V^it^~ = („4(1 + i 2 + C 2 )(l + B 2 + -D 2 )) 1 / 2 

- ,/7n 4- ( &2 {- x2 +V 2 ) a I £ 2 z 9/3^2 / -8 2 2xy a , <5 2 ;/ 9/3\2\ 

— V^HV 1 I 2 (a; 2 +J/ 2 ) 2 ' ^ 2(x 2 +y 2 ) dx> ^ \ 2(x 2 +y 2 ) 2 > J ^ 2(x 2 +y 2 ) dx> > 

, ( -5 2 2xy a , 8 2 x dj3\2 , ( S 2 (x 2 -y 2 ) R , <5 2 j/ 9/3n2\ 
I 1 ^2(a; 2 + J / 2 ) 2 / J ^ 2(a; 2 +j/ 2 ) ^ ^ 2(:r 2 +y 2 ) 2 ^ ^ 2(x 2 +y 2 ) dy > > 

= v^[i + 4(4ff^ 2 - 2 ^§? + (* 2 + ^ 2 )(if ) 2 )]" 

[l + i(^w(/5 2 -2^f + (x 2 + y 2 )(%) 2 )] 
< VA[1 + ^^{{l-x^ + y 2 ^)} ■ [1 + ^^((1 -y(3 y ) 2 + x 2 (3 2 )} 

where (3 X — |^ and [3 y = Using the basic properties of /3, we can 
estimate the terms (1 — x(3 x ) 2 + y 2 (3 2 and (1 — y(3 y ) 2 + x 2 /5 2 by the term 

(! - I^) 2 + S?75 and W + ^) 2 by 

Then for a small ball -B5 around the singular point, I lerror terml | 2 2 = 
I \Im(£)(Ei, E 2 , E%)\ | 2 2 can be bounded by the integral 

S 



I ' ' (1 + - i^75 + 1^75))^^ 

^ VA J( J^ w dxdydK+ y /A w ^^-(l-^ ;rs -^ 7S )dxdydK 

J B s J B s 

[ / VA (x 2^ y2) 2 dxdydK + / VA 4{x2 s ^ y2)4 dxdydK 

J B s J 

-2/ ^Wii^ 4 " 2 ^ 4(XTlog 2 ^ ^ 



'Si 

log : 

4 log 2 
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where B s = {5 2 < x 2 + y 2 < 5} x R c i? 3 and has coordinates x, y, k. 
Switching to polar cordinates for x, y and integrating each term sepa- 
rately over Bs (for < 9 < 2n and 5 < r < \f5) we get 



||error term||^ = \\(Im^)(E 1: E 2 , E 3 ))\\ 2 L , 

< g\ 53 4- 5 - 4- S " 4- 55 4- 52 4- £ 4- 52 
- ^ nog 2 V5 ^ log 2 VS ^ log 2 VS ^ log 3 v/5 ^ log 3 V5 ^ log 4 log 4 v^ J 

where C is a constant independent of S. Here we also used the fact that 



L is compact and / V Adxdydn can be bounded by some constant 

Jb 5 

which does not depend on S. 

The error term is a combination of terms which approach to with 
different rates as 5 goes to 0. It is sufficient to bound the error 
term with ■ i n which is the slowest term in this combination. So 

log 2 V5 

we can write I (error term|| 2 2 < C-f-= < CS 2 . Next, we will es- 

timate ||error term|| L 2 by calculating 1 1 V(Im(£)(Ei, E 2 , E 3 ))\ | 2 2 and 

12 



||V (Im(^)(E 1: E 2 , E 3 ))\\ 2 L2 . Similar calculations and writing 

S 

VA(1 + A{ Jl y 2 Y {l - ^ + j^^dxdydK for dvol 5 gives 
||V(error term)||^ = $[ | V (^±^)| 2 dvol 5 

J Bs 

J Bg 

< r\ 54 4- 56 4- s - 4- 56 4- 54 4- 56 4- 54 1 

- ° [ log ^ log 2 VS ^ log 2 log 3 VI ^ log 3 ^ log 4 ^ log 4 v^ J 

and 

||V 2 (error term)!! 2 , = f /* | V 2 (^±^)| 2 dvol 5 

J Bf, 



<C[ 



5 2 , <5 5 , 8 2 



log 2 V5 log 2 V5 \og 2 V$ \og 3 VS \og 3 VS \og 4 VS log 4 VS' 



Combining all these estimates we can finally conclude the following 
lemma. 



Lemma 2.2. : There exists a constant C, independent of 5 such that 
the following holds: 
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| \Im(£)(Ei, E 2 , E 3 )\ \ L 2 < C.5 and this error term converges to zero 
as 5 — > 0. 

3. Special Lagrangian Equation 

In this section, we will study the submanifolds close to the approx- 
imate special Lagrangian submanifold H$ = Li^sL 2 . More precisely 
we will write a nonlinear partial differential equation such that the so- 
lution set gives the special Lagrangian submanifolds near Hs. Then 
we will study the linearized operator D$ = Dh s for this equation and 
show that it is Fredholm. 

Since Hs is compact there is a tubular neighbourhood of H$ in X 
which is identified via the normal exponential map to a neighbourhood 
Ny(H 5 ) = {V E N(H S )\\\V\\ < 7} of the zero section in the normal 
bundle N(H S ). Therefore we can identify nearby submanifolds with 
small vector fields. 

Also for a small normal vector field V in T(N(H S )), the space of 
sections of the normal bundle, we can define the deformation map for 
the approximate special Lagrangian Hs as follows, 

F:r(N(Hs))^n 2 (Hs)®n 3 (Hs) 

F{V) = ((ex Pv )*(-c),(exp v )*(/m(0) 

The deformation map T is the restriction of —00 and im(£)) to (H$)v 
and then pulled back to H s via (exp v )*. Then JF _1 (0, 0) will correspond 
to the space of special Lagrangian submanifolds near Hs- 

We showed in 2.2 that Hs is a Lagrangian submanifold of X inde- 
pendent of S. In order to simplify the calculations we will assume that 
the deformation vector field V preserves this property. It is well known 
that for a special Lagrangian submanifold the linearization of T at is 
d+ *d*, [13]. Here we will show that the linearized operator of T at 
for an approximate special Lagrangian is given by d + • d*) where 
\1/ is a small function which is equal to 1 in the intervals with zero error 
term. Since Hs is deformed as Lagrangian we obtain d as the first part 
of the linearization as before and therefore in this section we will only 
study the second part of T which depends on 5. 

Again let Z\ G T-y and z 2 G T 2 be the complex valued coordinates. 
Away from the singularity, for \f5 < \zi\ and y/5 < \z 2 \, Hs can be 
identified with L\ and L 2 , respectively and therefore Hs is a real special 
Lagrangian and the linearized operator is given by d + *d* as before. 
Recall that the error term is zero in the middle of the neck area where 
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| < \z x \ < 73,^ < \z 2 \ < 6 and also ^= < \zx\ < 5, f < \z 2 \ < 
So it remains to investigate the special Lagrangian equation and in 
particular the linearized operator for the intervals \zi\ < |, \z 2 \ < V§ 
and \z 2 1 < < |^i | where the error term is small but nonzero. 

First we will find a condition on the deformation vector field V 
such that the approximate special Lagrangian can be deformed as La- 
grangian. 

A Lagrangian submanifold of the cotangent bundle T*W of a man- 
ifold W, (for which the projection to W is a local diffeomorphism) is 
locally defined as the image of a section d$ : W — > T*W for some 
function $ : VF — > R. This implies that the deformation vector field 
V should be of the form V = J. grad(<3>) for some function <E> on the 
approximate special Lagrangian submanifold and an almost complex 
structure J. One can easily show that this is equivalent to saying that 
the one-form that corresponds to the deformation is an exact one form, 
i.e. V is a Hamiltonian deformation vector field. 

One other advantage of assuming the deformation vector field V pre- 
serves Lagrangian property is that we will be able to switch from one 
forms to functions when we work with the second part of the linearized 
operator. 

Next we will find the condition which gives nearby special Lagrangian 
submanifolds. Recall that we can view a nearby special Lagrangian 
submanifold as a graph of a smooth function f. The graph of / is 
special Lagrangian if it is Lagrangian (i.e. / = VF for some scalar 
function F : H$ — > R and Jm£(ei + ig^, ^ + ^q^) is zero. 

Recall that z 1 .z 2 ~ = ^ implies that u = 2( f 2 ^ 2) and v = 2 {x*+ y *) ■ 
Therefore on the approximate special Lagrangian submanifold we will 
use the coordinates u, v instead of x, y. The tangent space of the ap- 
proximated special Lagrangian is generated by 3 vectors. 

P — p i if 8 ( 8 2 f3(x,y)x \ . d / & 2 P(x,y)y u 

E 3 = e 3 

The set of vectors that span the tangent space of the nearby sub- 
manifolds which can be written as a graph of a function /. Note that / 
depends on the gluing parameter 5 but for simplicity we will just write 
/ instead of f$. They are given as 
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E[ 


= E 1 + t( 


du dv 


E' 3 


= £3 




E 5 


= JE 1 = 


d ( 5 2 f3x 
dx [ -2(x 2 +y 2 ) 




= JE 2 = 


d 1 5 2 f3x 
dy\2(x 2 +y 2 ) 



) e l ~ ^2{x 2 +y 2 )) e ^ + ^ 

where J is the almost complex structure. We restrict im£ to this 
tangent space 

E'l — e l + ^2{x 2 +y 2 )) e ^ + ^^2(x 2 % 2 )) e& + ^2{x 2 +y 2 )) ei 



TP' — P _l d 1 S 2 f3x n , d_(_S^y_\„ , 9fi(_d_ ( _S^x_\ f> 
& 2 — C2 "I- 9^12(^2+^2)^5 f 9?/ l2(x2+y2) JC 6 -t- 9t) ^ a x ^.2(x 2 +j/ 2 )^ ei 

8 / <5 2 /% \_ I \ I dh( d ( S 2 /3x \ _d_(_^Sv\ f > M t> \ 
dx\2{x 2 +y 2 )> ti ' 2 ^ ^) T Qv \ d y y2(x 2 +y 2 )' Cl dy \ 2(x 2 +y 2 ) ^ 2 ^ 

£3 = £3 

Then we get 

Im£(E[, E' 2 , E' 3 ) = 7m[(wi + iu; 5 ) A (w 2 + i^e) A (cj 3 + iu 4 )](E[, E' 2 , E' 3 ) 

= [^ + (^)(^( _ 2(a; 2 +y 2 ))) + (^)(^( — 2(x 2 +y 2 )))]' K^(2(x 2 +y 2 ))) + ("^)] 

[ g f <? 2 /3y N , (dhX\ \(dfi\( d ( 5 2 J3x » , /9/ 2 y 8 / ^ftr \\i 
^^(a^+w 2 )/ ^ V du >\ \\d v )\dx\ 2{x 2 +y 2 )>> ^ \ dv )\ dy \ 2(x 2 +y 2 )')\ 

,rd( 6 2 Px s , r-, , (dfi\( d ( 6 2 f3y \\ , (df 2 \( d ( S 2 /3y \\i 

[ d ( & 2 f3x \ , r/8/i\/9/ <5 2 /?y \\ , (df 2 \(d( S 2 0y \\] 

\-dy\2{x 2 +y 2 )' ^ y dv n \\du>\dx\ 2{x 2 +y 2 )>> ^du>\dyy 2{x 2 +y 2 )''^ 

_ d ( S 2 f3x \ , 9 / <5 2 /^ \ , , 
~~ dx \ 2(x 2 +y 2 ) I ~T dy \ 2(x 2 +y 2 ) > ^ du > ^ \ dv > 

I \(®h-\ I (®h.W( ( 9 ( &2 P X __ \\( 9 ( S 2 J3y \\,(_d_( S 2 Px \w d ( 5 2 J3y \\ 
^LV du J^~\ dv n\ \ dx y 2(x 2 +y 2 ) >>\dy\ 2(x 2 +y 2 )> '^ydy^ 2(x 2 +y 2 ) )/\dx\ 2(x 2 +y 2 ) > > 

l(9h\(dh\ _ (dfi\(df 2 \]( d ( S 2 f3x \ , d ( S 2 (Sy u 
LV 3uA 9„ ^ V aw A du ^J^x^2(a; 2 +y 2 )' 1 ^ % ^ 2(x 2 +y 2 ) >> 

The special Lagrangian equation is 



AG + (1-detHess ^)AF + A^^^ - = 0. 

§d __ ^ 2 /3x dg 3 2 /3y 
9a; 2(a; 2 +j/ 2 )' 9« 2(x 2 +?/ 2 ) " 



where Vi 7 ^ = f$ and ^ 



Note that in this equation the operator AQ is given in terms of x, y 
variables and AF is given in terms of u, v. The linearization gives 
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(1— detHess Q)AF which is equivalent to AF for the intervals where 
the cutoff function (3 = and (3 = 1. 

One can show that / | detHess^ | 2 dvol,5 
Jb s 

- f \( (9( &2 P x ))( 9 ( &2 Py )) \ ( 9 ( 52(3x ))( 9 ( 52/3y ^| 2 dvoL 

- / IV \dx\2{x^+y^)))\dyy2(x^W)''^^ 9 y^^ 2 W) >> ^ 9 ^^ 2 +y 2 ) ) ^ S 
J Bs 

< <P I I 1 1 l^rUm] 

^ 16 / 1(^+^)2 logV5(x2 +2 /2)2l UVU1 5 

J Bg 

- 16 / I ( X 2+ y 2)2 - lQg ^2 +y 2 )2 | 2 'V / ^(l+4 (a; 2 <5 +y 2 ) 2 ( 1 ~ + J^/J ) ) rfX^K 

< C5 2 

Therefore / | detHess C^pdvohj is uniformly bounded and for small 

Jb s 

values of 5, | (detHess^ 1 1 will be small. For < (3 < 1 we have 

||((l-detHess^)(Aa))- 1 || = 1 1 (A^ 1 ) (1-detHess^)- 1 1 1 

< HA^H • IKl-detHess^)- 1 !! 

and for sufficiently small S, we can take | |detHess^| | to be arbitrarily 
small. Hence to invert the operator (1— detHess^ )A,5 it is sufficient to 
check the invertibility of As- In the next section, we will show this by 
the eigenvalue estimates. 



4. An Eigenvalue Estimate for the Linearized Operator 

In section 3 we showed that the second part of the linearized operator 
is given by \1/ • (d*d) which depends on 5 and to invert this it is sufficient 
to check the invertibility of A,5. Next we obtain uniform estimates in the 
first eigenvalue of A^. More precisely we will show that for sufficiently 
small gluing parameter S, the linear operator D$ = As has a right 
inverse Qs which satisfies the following uniform inequality: 

\\Q59\\s,k+2, P < C\\g\\s,k, P 

for any g G L P (H$) and k < 2 where C is independent of the gluing 
parameter 5. 

The main estimate in this section is 
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Lemma 4.1. : There is a constant C > independent of the glu- 
ing parameter 5, such that for 5 sufficiently small, the first (nonzero) 
eigenvalue Ai(A«s) of As is bounded below by C. 

Proof: We prove it by contradiction. Suppose that the lemma is not 
true. Then we may assume that the first eigenvalue Ai(Aj) converges to 
zero as 5 tends to zero. Let <ps be the eigenfunction of Ai(A,$) satisfying 



Here Ai^ determines the dependence of the first eigenvalue on the gluing 
parameter 5 and Hs is the smoothed approximate special Lagrangian. 
Note that every time we change 5, we change the induced metric on the 
approximated special Lagrangian and since the Laplacian operator de- 
pends on the metric, the eigenvalues of A^ depend on 5. For simplicity 
we will use \s for Ai^. 

For small compact sets away from singularity, the L\ norm is uni- 
formly equivalent to the usual L 2 norm. On these compacts sets there 
exists a subsequence of <p n that converges smoothly to a limit A0 O = 0. 
Following the same argument for the sequence of compact sets, and 
passing to a diagonal subsequence, we obtain a nonzero eigenfunction 
4>o as the limit defined in the complement of the singularity satisfying 



We now explain why 0o cannot be zero. If 0o — then for very small 
5, (fis will be very small everywhere (almost zero) which contradicts the 
fact that 

1 1 <f>5 1 1 L' 2 < ||05|U°° an d our initial assumption ||0^||l 2 = L 

So we have a nonzero function O i n the limit and since A 5 — > we 
get A O O = 0. 

On a compact manifold the only harmonic functions are constant 
functions. Therefore O should be some nonzero constant. On one 
component <f>s will converge to a constant and on the other component it 
will converge to another constant. Since we assume that the singularity 



is irreducible these two constants should be same and since / 0o = 



this is only possible if <ps converges to zero. This contradicts the fact 
that 0o is nonzero. 
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Next we should check the possibility where eigenfunctions are con- 
centrating in the neck area. In this case the eigenfunctions can get 
trapped in the neck region and as the gluing parameter S goes to 
they converge to maps which are identically zero everywhere but blow 
up at one point. Recall that the neck region, the region close to the 
singularity is locally a product T| x K C C 2 x C where T s is the 
neck area of T^^Ti and K is the codimension-2 singularity. Using 
compactly supported functions and Theorem 4.2 which is a well known 
fact from Geometric Measure Theory [17], we will show that we can 
also find a uniform lower bound for the first eigenvalue close to the 
singularity. 

Theorem 4.2. : Suppose h G Cl(U n+k ) for some domain U , and 
h>0. 

Then for p = ^, 

( f h p ) 1/p < c (f \vh\ + h\n\) 

J N J N 

where N is an n- dimensional domain and TL is the mean curvature of 
N . 

In order to use Theorem 4.2 in our eigenvalue estimates we need 
to show that for any N$, the L 2 norm of the mean curvature Tis is 
uniformly bounded and can be made arbitrarily small. 

Lemma 4.3. : For each small constant C > there is a 5 so that the 
mean curvature of Ns satisfies WHs\\l 2 < C. 

Proof: It is easy to see that TCs is uniformly bounded. The derivative 
of the cutoff function (3 is non-zero only in a region that is uniformly 
bounded away from the singularity and in that region the approximate 
special Lagrangians are converging in C l to the limit Lagrangian, which 
has Ti — 0. Therefore the mean curvatures of the approximate special 
Lagrangians are converging to uniformly. 

Next, we need to measure the deviation of the metric from the prod- 
uct metric on Tg x K and the contribution of the mean curvature of 
K itself. Recall that locally we can work in C 3 and since K is one 
dimensional we can take K = c(t) to be a curve in C 3 . Then one gets 
a real five dimensional manifold locally the image of 

fl:RxCxC^C 3 

by 

6(t, z 1} z 2 ) -> c(t) + z 1 V 1 (t) + z 2 V 2 (t) 
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where V\ = P + iR and V 2 = Q + iS are complex valued normal vectors 
that span the complement of c(t) in C 3 and z 1 G 7\, z 2 G T 2 . 

Within this real 5 dimensional manifold one has a real 3 dimensional 
manifold which locally represents the approximate special Lagrangian 
as the image of / where l(t,z\) = 0(t,zi, |^). Note that V\ and V 2 are 
changing as we move along K. 

Using this local model, one can calculate the mean curvature of N§ 

as 

_ c"(t) + z 1 V{'(t) ~ V»(t) 4 

Hs ~ T+W + 5 { ~ Zc {t) + WTW) ] + 0(5 ] 

where Z is some bounded function. Here we will also assume that 
|c"(t)|, |V"]"(i)| and |Vi"(i)| are all bounded and do not depend on 5. 
Then one can show that 



l c"(t) + z 1 v;'(t) l2 



Bs 



1 + \zi 



2 



dvol,5 < C(S) where C{6) -> as 5 -> 0. 



Similar calculations for the other terms imply that H^Hl 2 can be 
made arbitrarily small in the region Bs = {S 2 < x 2 + y 2 < 5} x R. 
This is also true for H^Uls. Showing that all Christoffel symbols 
are uniformly bounded will generalize this fact to other Calabi-Yau 
manifolds. This gives the proof of Lemma 4.3. 

Next, we will use Theorem 4.2 and Lemma 4.3 to obtain a uniform 
lower bound for the first eigenvalue in N$. 



Lemma 4.4. : For any h G Cq(Ns) there exists a constant C, inde- 
pendent of 5 such that the following inequality holds 

r < \\Vh\\ L2 
° - \M L 2 ■ 

Proof: Recall from Theorem 4.2 that for h G Cq(Ns) , we have the 
following inequality : 



(/ h^i" <c(f \Vh\ + h\H 5 \ 

JNs JNs 



First we will show that for n = 2 this inequality will imply C < 

n^r^ and then generalize this to dimensions n > 2. 

\\h\\ L 2 ° 

(/ h p ) 1/p <c([ \Vh\ + h\H s \) = c([ |V/i|.l + /i|Wi|) 

JN S Jn s JN s 
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< c (f |v/f) 1/2 (/ i) 1/2 + c(/ \h\ 2 f 2 ([ \n\ 2 f 2 

JN S Jn s J N s Jn s 

From Lemma 4.3 we know that the mean curvature is uniformly 
bounded and can be made small. So we can replace ||H5||l 2 with some 
small number C\ 

r r 



<c([ \Vh\ 2 yi 2 {( l) 1 ' 2 + cC.il \h\ 2 )' 
Jn s Jn s Jn s 

< C\\Vh\\ L 2 + cCi||/i|| L 2 



Then \\h\\ L 2 < C\\Wh\\ L 2 + cd\ \h\ \ L 2 and we get ±=jfi < j^f- 
This implies that for n=2 we get a uniform lower bound for the first 
eigenvalue in the neck area N$. 

Remark 4.1. : In Theorem 4.2, n is the dimension of Ns. The the- 
orem holds for p=2 only when > 2, so only when n=l or n=2. 
Since we work with a 3-dimensional Lagrangian we need to generalize 
this fact to higher dimensions. 

Next we will generalize to n > 2. First for any h G Cq(N$) we will 
replace h with h a for some a G Q. Then h a G Cq(N$) and we have the 
following inequality : 



n-l r 

^) n < c( / |V/i Q | + h a \H 8 \) 
Jn x 



N s JN S 

Since we need the L 2 norm of h on the left, we will choose a = 2^=2. 
Then 

(/ h 2 )^<c{f \Vh^\+h 2 -^\H s \)<C I \Vh\\h\^+c I \hf^\H 5 \ 

Jn s Jn 5 JN s JN s 

<C([ \Vhn /p ([ \h\ n -^) 1/(! +c( f \h\^) 1/p ' ( f WY« 



JN S JNs JNs JNs 

Here - + - = 1 and + = I and for our purposes we choose 
P = ~^+2-> 1 = P' = 2^2' an< ^ l' = n - Then the inequality becomes 

<C([ \Vh\^) n -£([ \h 2 \)^+c([ \h 2 \)^([ \H 5 n l/n ) 

JNs JNs JNs JNs 

Since H^Hi" is uniformly bounded, (here n = 3) we can replace it 
with some small constant C\. Then 

(/ \h\ 2 )^ <C([ \Vh\^)^(f \h 2 \)^+cC 1 {! \h 2 \)^ 

JNs JNs JNs JN 5 
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which implies 

(l-cd)(/ h 2 )^<C([ \Vh\^)^([ \h 2 \)^ 

JN S JN s Jn s 

C-f-)([ \h*\)^-^ < ( / \vh\^ 

Jn s Jn s 

C-^)([ \h 2 \) 1/2 <([ \vh\&)& 

Jn s Jn s 
since ^ < 2 > an d ll^ll^("+ 2 ) - H^Hl 2 we finally get 

< ||v/i|| L2 which proves the lemma. 

Therefore the lemma 4.1 is proved. 

Lemma 4.5. : Let f G L\(H$) and if) G L 2 (Hs). Assume Asf = if) on 
H$. Then we have 

\\f\\ L i < c\\n L i 

Proof: We multiply both sides of the equation Asf — if) by / and 
integrate by parts, we get 

/ <d*df,f>dvo\ 5 = [ |rf/| 2 dvol 5 = I <V,/>dvol 5 
Jb s Jb s Jb s 

<(/ |/| 2 dvol 5 ) 1 /2( f |^| 2 dv0l,)V2 
Jb s JB s 

Also by the eigenvalue estimate (Lemma 4.4) we get 

/ lifdvoL; < C [ \df\ 2 dvols 
Jb s Jb s 

which implies ( f lifdvoLj) 1 / 2 < C{ I |Vf dvoL;) 1 / 2 

Jb s Jb s 

where C is a constant that comes from the eigenvalue estimate which 
does not depend on 5 and we get the lemma proved. 

Next we will generalize the above estimate to general p. 

Lemma 4.6. : Let f G L p 2 (Hs) and if) G L p (Hs). Assume A 5 f = if) on 
Hs- Then we have 

\\f\W 5 <c\\if)\\ LV 
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Proof: We multiply both sides of the equation A s f = ip by f p ~ l 
and integrate by parts, we get 

/ < d*df, fP- 1 >dvol s = ! <df, d(f p - r ) >dvol 5 = I fP- 1 >dvol s 

J Bs J Bs J Bs 

<(/ \f\ p dvol s ) P -^( [ Wdvokf* 

Jb s JBs 

where we have the identity ^y- + ^ — 1. We will also assume that 
q < p. 

We also have 

/ <df,d(f p - 1 )>dvo\ s = [ <df,(p-l)f p - 2 df>dvoh 

JB S JBs 

4(p-l) 



|rf(/^ 2 )| 2 dvol 5 

Bs 



Again by the eigenvalue estimate (Lemma 4.4) we get 
^ f \f^\ 2 dvo\ s <C^ [ |rf(^ 2 )| 2 dvol, 

JBs JBs 

which implies 

/ \f p/2 \ 2 dvo\ 5 <C([ |/|^dvol (5 )^ i ( / |Vrdvol 5 )i 

JB S JBs JBs 

So we get ||/||x,p < C'HV'IIl^ Since we chose q < p, this also implies 
l p < C\\ip\\ L p and again we get the lemma proved. 



J s 

Next we will show that we have the basic elliptic estimates in the 
neck region. Note that the constant C in these estimates depends 
on the geometry of the domain and as 5 approaches to zero the neck 
region becomes almost singular. Therefore, we need to show that we 
can control that constant C and obtain the elliptic estimates for the 
norms II • II 1-2 and II • II 7-2 . 



Lemma 4.7. : For Asf = ip there exists a constant C, independent 
of 5 such that the following estimate holds: 



Wf\\L h <cM\ L2s 
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Proof: First we write the Laplace operator in local coordinates, 

n 

A s f = A* -^j{\fgg^ k -^k) ■ Here we will assume that K is of di- 

j,k=l 

mension n — 2. For simplicity we will also assume that A — 1 in the 
induced metric. Then we can write the metric in the neck region by 

gsWgxK = (1 + 4 (3 .2+ y 2)2 ){dxdx + dydy) + tfcxd/ci + ... + dK n _ 2 dK n _ 2 

and 

y/detgs,ij = ((1 + 4(x2 S +y 2y )(1 + 4^2+^)2 )) 1/2 = (1 + ^jr+ffi)- 

For simplicity put /i = (1 + 4(3.2+^2)2 ) • Using the metric we get 

a/ - + £) + £ + ... - * 

Then we have 

(§^ + fj^)+Mf^ + -- + = A/ + (^t^pXt^ + ••• + 9^7) 

= ^ 

where A = + ^ + ... + g J 2 is the standard n-dimensional Lapla- 
cian. 

Since A has constant coefficients we have the following estimate for 
some C independent of 5 from Lemma 4.5 and basic elliptic estimates 
for flat Laplacian [2]. 

ii/ik<^ii^-(^ F )(£f + ... + ^)iu 2 

<C|H|| L 2 + ||( i ^)(0 + ... + ^)|| L 2 

< C((supH 2 )V* • ||^|| i2 + (supl,^! 2 )^ . Hgf + ... + ^-|| i2 ) 

We have sup|//| = 1 + ^ = \ and sup| 4(a /_^ 2)2 1 = ^ = ± in the 
annulus defined by 5 2 < (x 2 + y 2 ) < 5. 

Therefore 

ll/IUi< c{c x m\» + c 2 \\^ + ... + ^-j\ L ,) 

It remains to show that || ^ + ... + Qt J || L 2 < C| jx, 2 - F° r a given 

test function v E C%(U) on U = U 5 = {5 2 < x 2 + y 2 < 5} x i?"" 2 c R n 
we have 
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s 4 



Since ^ x2+y ^2 is independent of Ki, ...k„_ 2 we can rewrite the above 
equation as follows: 

fj^x + fyVy + 4(32+3,2)2 (f K1 V K1 + . . . f Kn _ 2 V Kn _ 2 )dvol 5 = - J /ilpvdvols 

Fix j G {l,..,n-2}. Then 

^ (fxKjV x + fy Kj Vy + (4(3,2+^2)2 ) (//tlKj^Kl + •••/K n _ 2 Kj'^K n _2)) ( ^ V0 ^ 

= — y (fxVxKj + fy&yKj + ( 4(o; 2 +j/ 2 ) 2 ) + • ••/«:n-2^Kn-2Kj ))dvol<y 

= / j^u* dvol* 



J7 



We will take {; = u 2 {f Kj ) where z/ is a cutoff function z/ with uniformly 
bounded derivatives in [/. By strict ellipticity and Cauchy Schwarz 
inequality we get 

/ |/xNj| + "I" 1/reiKjl ••• + |/k„-2«jI dvol^ 

./rj 

— C I {fxKjfxKjV ~\~ fyKj fyKjV -\-[W (fniKj -fniKj ■■~\~fn n -2Kj /k„-2Kj )dvolj 

Ju 

where C depends on the derivatives of v. 

<C tiiJjv 2 f K . K .dvols < H^IU 2 • ll/^«JU 2 
Ju 

<C\ WW* ■ \\f KjKj \\ L 2 
Since 

Kjlli 2 — / (|/xKj| + \fyiij\ + |/«iKj| ••• + \fn n -2Kj\ dvol^ 

Ju 

we get \\f KjKj \\ 2 L 2 < C\\i/>\\ I ?-\\f K . K .\\ I ? and hence \ \f KjKj \\ L i < C||V>|U 2 - 

k-2 k-2 

Finally || /fc,-feJU 2 < E 1 I /*,-** I U 2 < CIHU 2 and we get the re- 



suit. Generalization this to L p , for p > 2 is straightforward. 

Using a similar argument, one can improve the above inequality: 
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Lemma 4.8. : For A$f = ip there exists a constant C , independent 
of 5 such that the following estimate holds: 

\\f\\Ll s <C\M\L is 

Proof: As before we write the Laplace operator in local coordinates 
and we get 

,&l , EP±\ , ..(d 2 f , , d 2 f \_TCf, ( St \(d 2 f , | d 2 f \ 

= ^ 

where A = ^ + + d ^ is the standard n-dimensional Laplacian 
with constant coefficients. 

Then we have the following estimates for flat Laplacian [2]. 

\\f\\Li<c\W-( I ^)(^ i + ... + ^)\y 2 
<qi^lU i + ll(^ F )(gf + ... + ^)IU i 

Since ||V 2 /i||,L2, ||V//|]l2 and ||/i||,L 2 are all uniformly bounded on 
U = U s = {5 2 < x 2 + y 2 < 5} x R n ~ 2 c R n we get 

ll/lk<^ilHL i + ^llSf + ... + ^ll, i ) 

As before it remains to show that \\q^z + ■■■ + Qk i < C| IV'I |l 2 - 
By Lemma 4.7 we have + ... + ^^-||l 2 < CIHIl 2 - So we only 
need to show that ||V(|^ + ••• + )||l 2 < C||VV>||l 2 and similarly 

llv^ + .-. + ^lk^ciiv 2 ^. 

In order to prove the first inequality we will follow the same argu- 
ments as before. The only change will be to replace the test function v 
with z/ 2 (V*V/ Kj ) where v is a cutoff function v with uniformly bounded 
derivatives in U . 

I \Vf XK] \ 2 + \Vf yKj \ 2 + \Vf KlKj \ 2 ... + |V/ Kn _ 2K .| 2 dvol 5 
Ju 

< C I (Vf XKj Vf XKj v 2 + Vf yKj Vf yKj u 2 
Ju 

+/iz/ 2 (V/ KlKj V/ KlKj + ... + V/ Kn _ 2K .V/ Kn _ 2K .)dvol,5 
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< C [ ^u 2 V*Vf KjKj dvo\ s < IMU* • ||V/ KjKj || L 2 
Ju 

<C\\V^\\ L 2-\\Vf KjKj \\ L 2 

Since || V/^.llla < / (|V/^.| 2 +|V/ yKj | 2 +|V/ K1Kj | 2 ...+|V/ Kn _ 2K /dvol 5 
Ju 

we get 

\\Vf KjKj \\h < C7||V^|| L2 • \\Vf KjKj \\» and so \\Vf KjKj \\v < C\\Vif>\\v>. 

k-2 k-2 

Since || £ Wf kjkj \\ L2 < W^fk^W^ < C||VV>||l 2 we get the in- 

3=1 3=1 

eqnality ||V(£f + ... + J^)^ < C\\V1>\\„. 

The proof of the inequality ||V 2 (0 + ... + < C| |V 2 ^| U= 

follows exactly the same way. The combination of these inequalities 
will prove lemma 4.8. 

Using Lemmas 4.7 and 4.8 we can finally state the following theorem 
about the uniform invertibility of the Laplacian. 

Theorem 4.9. : The linear operator d* s d = A 5 : C°°(H 5 ) -> C°°(H 5 ) 
has a right inverse Q$ under the norm \\.\\s in the sense that there 
exists a constant C , independent of 5, such that for sufficiently small 

\\Qsg\\s,k+2, P < C\\g\\s, k ,p for any g E L P (H S ) and k<2. 

Note that we assume in the beginning that the almost special La- 
grangian is deformed under Hamiltonian deformations, in other words 
for any given rj there exists a function g satisfying dg = rj. Therefore 
in this case the invertibility of Laplacian A,5 on smooth functions will 
be equivalent to the invertibility of d* 5 on (exact) one forms. So we can 
restate the above theorem as follows: 

Theorem 4.10. : The linear operator *d* 5 : T(N(H S )) -»• tt 3 (H 5 ) has 
a right inverse P$ under the norm \ \.\\g in the sense that there exists a 
constant C , independent of 5, such that for sufficiently small 5, 

\\Psv\\s,k+i, P < C\\rj\\ s ,k,p for any rj e L p (tt 3 (H 5 )) and k<2. 
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5. Implicit Function Theorem 

In this section we will write the Taylor expansion for the special La- 
grangian equation: J r (exp Hg w) = J-{Hs) + DsJ r (w) + 0{w) and show 
that the non-linear term 0{w) satisfies the contraction mapping princi- 
ple. Then by the Implicit Function Theorem, we show that there exists 
a unique w that satisfies the equation J-'(Hs) + DsJ r (w) + 0{w) = 
and therefore there exists a real smooth special Lagrangian submani- 
fold near L. 

The map JF has the following Taylor expansion: 
H^Ph s w) = F{H S ) + D Hs F(w) + 0{w) 

where Du s J r {w) is the linearization of the deformation map JF and 
0(w) is the non-linear term. 

It is obvious that for given S the solution set of the following equation 
is the set of vector fields that corresponds to the real special Lagrangian 
submanifold near H$. 

F(expH t w) = F{H 6 ) + D Hs F(w) + 0(w) = 

As before we can replace the one form w = Vh with a smooth 
function and rewrite the equation in terms of h as follows: 

H^Ph s h) = F{H 5 ) + D Hs F{h) + 0(h) = 

By Theorem 4.9, the operator D Hi T has a well defined inverse Gg- 
If we apply G$ to the equation above we get 

G s F(H s ) + h + G s O(h) = which implies -G S F(H 5 ) - G s O(h) = h. 

For simplicity, we will call the operator —GsJ^iHs) — GsO(h) = 
Ws(h). Then if h is a solution to W$h = h, it is a solution to the 
equation T{h) = 0. It is a basic fact that an operator Ws has a fixed 
point if the contraction mapping principle holds for Ws- 

First we will recall a basic fact in Banach space calculus. 

Lemma 5.1. : Let T : X' — > Y' be a smooth map between Banach 
spaces with the Taylor expansion 

^(exp H x) = F{H) + D H T[x) + 0(x) = with dimfker DJ 7 ^)) < oo. 

Also assume that G : Y' — > X' to be a right inverse DjF(0)oG = ids- 
And let C > be a constant such that the nonlinear terms 0(x), 0(y) 
satisfy the contraction property 
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\\GO{x) - GO{y)\\ < C{\\x\\ + \\y\\)\\x - y\\ for all x,y e B e (0) with 
e sc- 
reen ||l7JF(0)|| < e/2 will imply the unique existence of a zero, x 
of T which satisfies \\xq\\ < 2||l7JF(0)||. 

Proof: The proof is an application of the contraction mapping prin- 
ciple. We will consider the map 

W : A -> A, W(x) = -G(F(p) + 0{x)), as x e B e (0) we get the 
following estimate 

\\W(x)\\ < e/2 + Ce 2 = e(l/2 + 1/8) < e 

and since 

1 1 W(x) - W(y) 1 1 = \\GO{x) - GO{y) \ \ < C2e\ \x - y\\ 
= l\\x - y\\ < ±\\x - y\\ 

we can conclude that W(x) is a contraction on B e (0). Hence we find a 
unique Xo G B e (0) satisfying W(xq) = x$. 

Moreover we obtain the following estimate 

IN] - 1 1 W(0) 1 1 < \\W(x Q ) - W(0)|| < 1/2| jr^oj I and deduce the 
inequality ||xo|| < 2||C7jF(0)||. Hence we proved Lemma 5.1. 

The next step will be to show that the operator Ws(h) = —GsJ^iH) — 
GsO(h) satisfies the following inequality: 

\\Wsf -Ws9\\lI iS - k -Wf ~9\\lI s for some k < 1. 
where = \\-G 5 F(H)-G s O(f)+G 5 F(H)-G 5 0(g)\\ Lh 



-G s O(f) + G s O(g)\\ L > 



2,6 



We will do this by first showing that 

WO(f) —O(o)\\ 2 ■= II '1 &2 f ° 2 f 92 f &2 9 Q2 9 I d 2 ff d 2 g 11 
II \J ) \U)\\L' 2S W dxdx dydy dxdy dydx dxdx dydy dxdy dydx \\L% 



2., 



<C\\f-g\\ Ll 



4.6 



We will prove this inequality term by term. For simplicity we will 

Wlite & aS fxx- 

I \fxxfyy 9xx9yy\ \h\ s I \fxxfyy fxxdyy fxx9yy 9xx9yy I \h\ s 

<C(\\ fxxf yy -fxx9yy 1 1 l\ s + 1 1 fxx9yy ~9xx9yy 1 1 l\ s ) (triangular inequality) 
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< C(\\f xx \\q s \\fyy -g m \\ L 2j + WgyyWqJlfxx- 9xx\\l1 5 ) 
= C{\\f xx \\ L 2 s \\{f - g) yy \\ L 2 s + WgyyWqJKf - g)xx\\ L i 5 ) 

< C(\\f\\ L 2 y \\f - g\\ L ^ g + \ \g\\ L 2j\f - g\\ L 2j (Elliptic estimates) 
= C(\\f\\ Lls + \\g\\qJ\\f-g\\ Lls 

and similarly we get 

Wfxyfyx -9xy9yx\\ L\ s < Cfll/IU^ + I M L» 4 ) 1 1/ ~ #1 L* 4 

and we combine all these terms to get 

||-^) + o(/)||^<c'(||/|U l5 + |b|| Ll ;||/-^|| Ll5 

Lemma 5.2. : There exists a constant e > independent of the glu- 
ing parameter 5 such that for sufficiently small 5 and for any 7 = 
—GsJ-'iHs) € L\(H$) the equation: 

h + O s {h) = 1 

has a unique small solution h G L\(H$) in the ball \ \h\\ L 2 < e/2. In 
other words ^"(exp^ /i) is a special Lagrangian submanifold. Moreover 
h satisfies \\h\\ L 2 g < 2||7|| £ a j . 

Here 7 represents the error term. 

Proof: We will apply the contraction principle to the operator 
W 5 {h) = -G 5 T{H) - G s O(h) defined in a small ball around in 
Ll(H 5 ). 

Our estimate above and Lemma 4.8 implies that 
\\Wihi) -W{h 2 )\\ L 2 2 5 < C(\\G(h 1 )\\ L 2 i5 + \\G(h 2 )\\ L 2 is )\\G(h 1 -h 2 )\\ L 2 iS 

<C(||/ii|| + ||/»2||)^||(/n-fc2)||^ 4 . 

If we choose e < C/8 for ||W,5(0)|| L 2 < e/2 then W s will be a 

contraction on B f (0). Therefore there exists a unique fixed point h of 
W s satisfying ||/i|| L ^ < 2||W*(0)|| L 2 

Remark 5.1. : Note that when we constructed the almost special 
Lagrangian we showed that it could be represented as a graph of some 
smooth function. Then among these graphs, the solution set of an 
elliptic equation gives the real special Lagrangian submanifolds. This 
implies that the special Lagrangian submanifold that we obtain as the 
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fixed point of the map W is in fact smooth and it can not be the same 
submanifold as the original singular submanifold L. 

Finally we can conclude the following theorem for the singularity of 
the form Z\Jc% = 0. 



Theorem 5.3. : Given a connected immersed special Lagrangian sub- 
manifold L 3 of a Calabi- Yau manifold X 6 with a particular irreducible 
self intersection K of codimension-two (singularity of type Z1.Z2 = 0) 
it can be approximated by a sequence of smooth special Lagrangian sub- 
manifolds and therefore L is a limit point in the moduli space. 

Remark 5.2. : We hope to extend this result to the cusp-type singu- 
larities in a Calabi- Yau manifold. The details of this construction for 
both the Calabi- Yau and the symplectic case will appear somewhere 
else. 
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